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Abstract
Let X be a continuum. Let C(X) be the hyperspace of subcontinua of X. We say that X is said to
have the cone = hyperspace property if there exists a homeomorphism h :C(X)→ Cone(X) such
that h(X)= vertex of (Cone(X)) and h({x})= (x,0) for each x ∈X. In this paper we prove.
Theorem. Let X be a finite-dimensional continuum. Then the following are equivalent:
(a) X has the cone = hyperspace property, and
(b) there is a selection s :C(X) − {X} → X such that, for every Whitney level A for C(X),
s|A :A→X is a homeomorphism.
We show some consequences of this theorem.  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
A continuum is a compact connected metric space. For a continuum X, we denote the
topological cone over X by Cone(X), the vertex of Cone(X) is denoted by v(X) and
the base of Cone(X) is denoted by B(X). That is, B(X) = {(x,0) ∈ Cone(X): x ∈ X}.
We denote by C(X) the hyperspace of subcontinua of X, with the Hausdorff metric
H . Let F1(X) = {{x} ∈ C(X): x ∈ X}. The continuum X is said to have the cone =
hyperspace property provided that there exists a homeomorphism h :C(X)→ Cone(X)
such that h(X) = v(X) and h|F1(X) is a homeomorphism from F1(X) onto B(X).
A homeomorphism h with the properties described above is called a Rogers homeomor-
phism. It is easy to show that if there is a Rogers homeomorphism between C(X) and
Cone(X), then there exists a Rogers homeomorphism h :C(X) → Cone(X) such that
h({x})= (x,0) for each x ∈X.
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Finite-dimensional continua X with the cone = hyperspace property have been exten-
sively studied. For these continua, Rogers proved the following theorem.
Theorem 1 ([11, proof of Theorem 7] or [4, Theorem 80.2]). LetX be a finite-dimensional
continuum such that X has the cone = hyperspace property. Then X is an arc, a circle, or
an indecomposable continuum such that each nondegenerate proper subcontinuum of X is
an arc.
Using Corollary 4 it is easy to modify the Buckethandle continuum illustrated in
Fig. 1 to obtain an indecomposable finite-dimensional continuum X such that each proper
nondegenerate subcontinuum of X is an arc and X does not have the cone = hyperspace
property.
Examples of continua with the cone = hyperspace property are:
– the buckethandle continuum [11, p. 280],
– the solenoids [10, pp. 167–168].
A Whitney map for C(X) is a continuous function µ :C(X)→[0,1] such that µ(X)=
1, µ({x})= 0 for each x ∈ X and, if A,B ∈ C(X) and A  B , then µ(A) < µ(B). It is
known that, for every continuum X, there exist Whitney maps for C(X) (see [9, 0.50]).
A Whitney level for C(X) is a set of the form µ−1(t), where µ is a Whitney map for C(X)
and 0 < t < 1.
The continuum X is said to have the covering property provided that, for every
Whitney level A for C(X) and for every proper subcontinuum B of A, ⋃B is a proper
subcontinuum of X. The continuum X is said to be Whitney stable [9, Definition 14.39.1]
provided that X is homeomorphic to each of the Whitney levels for C(X). Finally, X is
said to have the Property of Kelley provided that if A ∈ C(X), p ∈ A and {pn}∞n=1 is a
sequence in X such that pn→ p, then there exists a sequence {An}∞n=1 such that An→A
Fig. 1.
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and pn ∈ An for each n  1. Given a nonempty subset C of C(X), a selection for C is a
continuous function s :C→X such that s(A) ∈A for each A ∈ C .
For information about covering property, property of Kelley, selections and hyperspaces
in general we refer the reader to [4].
Answering Question 8.14 of [9], in [2, Theorem 6] and [13, Example 4.1] two non
chainable and non circle-like continua were constructed with the cone = hyperspace
property. Sherling’s example in [13, Example 4.1] has been shown to have the property
of Kelley [5].
In this paper we prove the following results.
Theorem 2. Let X be a finite-dimensional continuum. Then the following are equivalent:
(a) X has the cone = hyperspace property,
(b) there is a selection s :C(X) − {X} → X such that, for every Whitney level A for
C(X), s|A :A→X is a homeomorphism, and
(c) there is a selection s :C(X)−{X} →X and there exists a Whitney map µ :C(X)→
[0,1] such that s|µ−1(t) :µ−1(t)→X is a homeomorphism for every t ∈ [0,1).
Corollary 3. If X is a finite-dimensional continuum, X is not homeomorphic to a circle
and X has the cone = hyperspace property, then X has the covering property and it is
Whitney stable.
Corollary 3 answers questions raised by Rogers and Dilks in [2, p. 236]. They also
asked whether a finite-dimensional continuum with the cone= hyperspace property has the
property of Kelley. The author is able to prove that the continuum represented in Fig. 2 has
the cone = hyperspace property. This continuum X is a modification of the Buckethandle
continuum illustrated in Fig. 1. For constructing X, we alternate complete “legs” with
shortened “legs”. Notice that X does not have the property of Kelley. The proof that X has
Fig. 2.
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the cone = hyperspace property is not included here because it is complicated and it is
only useful for this very particular example.
2. Proof of Theorem 2
The implication (b) ⇒ (c) is immediate, (c) ⇒ (a) was proved by Sherling in [13,
Theorem 3.1].
The proof that (a) ⇒ (b) is immediate for the case in which X is an arc or X is
homeomorphic to a circle. Thus, in order to prove (a) ⇒ (b), by Theorem 1 we may
assume that X is an indecomposable continuum such that every proper subcontinuum
of X is an arc. Suppose that there exists a homeomorphism h : Cone(X)→ C(X) such
that h(v(X)) = X and h(x,0) = {x} for each x ∈ X. Define H :X × [0,1] → C(X) by
H(x, t) =⋃{h(x, r): 0  r  t}. Notice that H is continuous and for each x ∈ X and
each t ∈ [0,1], x ∈H(x, t).
We will need some properties of H :
Claim 1. If H(x, t)=H(y,u) =X, then x = y .
Proof. In order to prove Claim 1, suppose that A=H(x, t)=H(y,u), A =X and x = y .
Since x, y ∈A, A is nondegenerate. Since h(v(X)) =X, t, u < 1. By Theorem 1, A is an
arc. Thus we may identify A with the unit interval [0,1]. We may assume that x < y .
Given two points p and q in the Euclidean plane R2, let pq denote the straight line
segment joining them. Let g :C([0,1])→ R2 be given by g([a, b])= ( 12 (a + b), b − a).
Then g is continuous, one-to-one and Img is the triangle T in R2 which has vertices
(0,0), ( 12 ,1) and (1,0). Thus C(A) is homeomorphic to T .
Notice that g({B ∈ C(A): 0 ∈ B})= (0,0)( 12 ,1), g({B ∈ C(A): 1 ∈ B})= ( 12 ,1)(1,0)
and g({a})= (a,0) for each a ∈A.
Consider the arcs α = {g(h(x, r)): 0  r  t} and β = {g(h(y, r)): 0  r  u}. Since
x = y and t, u < 1, α and β are disjoint subsets of T . Since H(x, t) = A, there exists
r ∈ [0, t] such that 1 ∈ h(x, r). Thus the arc α contains the point g(h(x,0)) = (x,0) and
α ∩ ( 12 ,1)(1,0) = ∅. Similarly, β contains the point (y,0) and β ∩ (0,0)( 12 ,1) = ∅. Using
Theorem 30 of Chapter III of [7] it follows that α ∩ β = ∅. This contradiction completes
the proof of Claim 1. ✷
Claim 2. H is onto.
Proof. Notice that H(x,1) = X and H(x,0) = {x} for each x ∈ X. Let B be a proper
nondegenerate subcontinuum of X. By Theorem 1, B is a subarc of X. Let p and q be the
end points of B . Fix a Whitney map ω :C(X)→ [0,1]. Let t0 = ω(B). For each x ∈ X,
ω(H(x,0)) = ω(h(x,0)) = ω({x}) = 0 and ω(H(x,1)) = ω(X) = 1. Thus there exists
sx ∈ [0,1] such that ω(H(x, sx))= t0. Define ϕ :X→ C(X) by ϕ(x)=H(x, sx). In order
to see that ϕ does not depend on the choice of sx , let r ∈ [0,1] be such thatω(H(x, r))= t0.
Since r  sx or sx  r , we obtain that H(x, r)⊂H(x, sx) or H(x, sx) ⊂H(x, r). Since
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ω takes the same value on both sets, we conclude that H(x, r)=H(x, sx). Hence ϕ does
not depend on the choice of sx . Now we will prove that ϕ is continuous. Let {xn}∞n=1 be a
sequence in X such that xn→ x . We may assume that sxn → s for some s ∈ [0,1]. Thus
H(xn, sxn)→ H(x, s). This implies that ω(H(x, s)) = t0. Hence, H(x, s) = H(x, sx).
Thus, ϕ(xn)→ ϕ(x). Therefore, ϕ is continuous.
Let P = {x ∈ B: p ∈ ϕ(x)} and Q = {x ∈ B: q ∈ ϕ(x)}. Clearly, P and Q are closed
subsets of B . Since {p} = h(p,0) ⊂ ϕ(p) and q ∈ ϕ(q), P and Q are nonempty. Given
x ∈ B , x ∈ ϕ(x) ∩ B and ϕ(x) is not a proper subset of B (ω takes the same value on
both sets). Thus ϕ(x)∪B is a subcontinuum of X. By our assumptions on X, ϕ(x)∪B is
an arc. This implies that p ∈ ϕ(x) or q ∈ ϕ(x). This proves that B = P ∪Q. Since B is
connected, there exists a point x0 ∈ P ∩Q. Thus ϕ(x0) is a subarc of the arc ϕ(x0) ∪ B
and ϕ(x0) contains p and q . This implies that B ⊂ ϕ(x0). Hence B = ϕ(x0). Therefore,
B =H(x0, sx0).
We have proved Claim 2. ✷
We are ready to define a selection s :C(X) − {X} → X. Given A ∈ C(X) − {X}, let
(x, t) ∈X×[0,1] be such that H(x, t)=A. Define s(A)= x . By Claims 1 and 2, s is well
defined. We will check that s has the desired properties.
In order to show that s is continuous, let {An}∞n=1 be a sequence in C(X) − {X} such
that An → A for some A ∈ C(X) − {X}. Suppose that A = H(x, t) and An =H(xn, tn)
for each n. We may also assume that xn → x0 for some x0 ∈ X and tn → t0 for some
t0 ∈ [0,1]. Then H(xn, tn)→H(x0, t0). Thus H(x0, t0)= A. By Claim 1, x0 = x . Hence,
s(An)→ s(A). Therefore, s is continuous.
Now, take a Whitney level A= µ−1(r) for C(X).
Let A, B ∈ A be such that s(A) = s(B). Let x = s(A). Then A = H(x, t) and B =
H(x,u) for some u, t ∈ [0,1]. We may assume that u t . Then H(x,u)⊂H(x, t). Thus
A⊂ B . Since A,B ∈A, we conclude that A= B . Therefore, s is one-to-one.
In order to prove that s|A is onto, take a point x ∈X. Since µ(H(x,0))= µ(h(x,0))=
µ({x})= 0 and µ(H(x,1))= µ(X)= 1, there exists t ∈ [0,1] such that µ(H(x, t))= r .
Then H(x, t) ∈A and s(H(x, t))= x . Thus s|A :A→X is onto.
We have proved that s|A :A→ X is a homeomorphism. This completes the proof of
Theorem 2. ✷
3. Consequences
Proof of Corollary 3. By Theorem 2, it is clear that X is Whitney stable.
It is known that the closed interval [0,1] has the covering property [9, Lemma 14.13.1].
In order to prove that X has the covering property, by Theorem 1, we may assume that X is
indecomposable. Suppose, to the contrary, thatX does not have the covering property. Then
there exists a Whitney level A and a proper subcontinuum B of A such that X =⋃B. Let
s :C(X)− {X} →X be as in Theorem 2. Since s|A :A→X is a homeomorphism, s(B)
is a proper subcontinuum of X. Then there exists a composant κ of X such that s(B)⊂ κ .
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Given x ∈X, there exists A ∈ B such that x ∈ A. Then A is a proper subcontinuum of X
and s(A) ∈ A ∩ s(B). This implies that A⊂ κ . Thus x ∈ κ . We have proved that X = κ .
This contradicts the fact that X contains infinitely many disjoint composants. Therefore,X
has the covering property. ✷
Definition. Let A be a proper subcontinuum of the continuum X. Then X is said to be of
type N at A if there exist four sequences of subcontinua {An}∞n=1, {Bn}∞n=1, {Cn}∞n=1 and
{Dn}∞n=1 of X, there exist two points a = c in A and there exist sequences of points {an}∞n=1
and {cn}∞n=1 in X such that an → a, cn → c, An → A, Bn → A, Cn → A, Dn → A and
An ∩Bn = {an} and Cn ∩Dn = {cn} for every n 1.
Corollary 4. Let X be a finite-dimensional continuum. If X has the cone = hyperspace
property, then X is not of type N at any of its proper subcontinua.
Proof. Let d be a metric for X. Suppose to the contrary that X is of type N at its proper
subcontinuum A. Let {An}∞n=1, {Bn}∞n=1, {Cn}∞n=1, {Dn}∞n=1, a, c, {an}∞n=1 and {cn}∞n=1 be
as in the definition of type N . We may assume that for each n, An ∪ Bn ∪ Cn ∪Dn is a
proper subset of X.
By Theorem 2, there exists a selection s :C(X)− {X}→X.
We will show that s(A) = a. Suppose to the contrary that s(A) = b = a. Let ε =
d(a, b)/2. By the continuity of s, there exists δ > 0 such that if B ∈ C(X) and H(A,B) <
δ, then d(s(A), s(B)) < ε. Let N  1 be such that max{H(A,AN),H(A,BN)} < δ
and d(a, aN) < ε. Let α,β : [0,1] → C(X) be order arcs from {aN } to AN and BN ,
respectively, that is α and β are continuous functions such that α(0) = {aN } = β(0),
α(1)=AN , β(1)= BN and if r  t , then α(r)⊂ α(t) and β(r)⊂ β(t). It is easy to check
that the set
A= {AN ∪ β(r): r ∈ [0,1]
}∪ {α(r) ∪BN : r ∈ [0,1]
}
is a connected subset of C(X) − {X} and H(A,B) < δ for each B ∈ A. This implies
that the set {s(B): B ∈ A} is a connected subset of U = {p ∈ X: d(b,p) < ε} ∩ (AN ∪
BN)− {aN }. Hence, {s(B): B ∈A} ⊂ AN − {aN } or {s(B): B ∈A} ⊂ BN − {aN }. This
is impossible since AN,BN ∈A, s(AN) ∈AN and s(BN ) ∈ BN . The contradiction proves
that s(A)= a.
Similarly, using the sequences {Cn}∞n=1, {Dn}∞n=1 instead of the sequences {An}∞n=1,
{Bn}∞n=1, it follows that s(A) = c. This contradiction completes the proof of the
corollary. ✷
Question 5. Suppose that X is an indecomposable finite-dimensional continuum such that
every nondegenerate proper subcontinuum of X is an arc and X is not of type N at any
of its proper continuum. Then does X has the cone = hyperspace property? If the answer
to this question is affirmative, then we would have an intrinsic characterization of finite-
dimensional continua which have the cone = hyperspace property.
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4. Final remarks
We have discussed what is known about finite-dimensional continua with the cone =
hyperspace property. Now consider a finite-dimensional continuum X for which C(X) is
homeomorphic to Cone(X) (not necessarily with a Rogers homeomorphism). It is known
that if X is hereditarily decomposable, then X is one of the eight continua described in
Fig. 20 of [4]. And it is known also that if X is not hereditarily decomposable, then X
contains exactly one (nondegenerate) indecomposable subcontinuum Y [12, Theorem 8]
such that Y has the cone = hyperspace property and X − Y is arcwise connected [9,
8.20.4] and [3]. Therefore, characterizations of the finite-dimensional continua with the
cone = hyperspace property lead to characterizations of those finite-dimensional continua
X for which C(X) is homeomorphic to Cone(X).
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